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Aeroelastic Loads Predictions using
Finite Element Aerodynamics

Jack C. Rowan* and Thomas A. Burnst
Douglas Aircraft Company, Long Beach, Cal.

Aerodynamic and structural influence coefficients are utilized to determine the load distributions, deflections,
and trim parameters for a vehicle in quasi-static aeroelastic equilibrium. A matrix formulation is used to solve
the various quasi-static aeroelastic problems. Nonlinearities in the aeroelastic trin equations are accounted for
by an iteration of the classical closed-form solution. Aerodynamic and structural idealizations are related by a
surface spline transformation. Solutions are developed for symmetric, antisymmetric, and asymmetric load con-
ditions on symmetric vehicles of general geometric shapes, which may include both lifting surfaces and lifting

bodies.

Nomenclature
a =acceleration vector
b =wing span
Cp,. =referencechord
AC, =surface box pressure coefficients
f =force
Ah =e¢lastic deflection
=initial chamber
=slope
=]oad factor
=unit normal
=applied load
= position vector relative to center of gravity
=nondimensional rolling velocity
=dynamic pressure
=nondimensional pitching velocity
=position vector relative to coordinate origin
=nondimensional yawing velocity
=velocity
,Y,Z =Cartesian coordinate system
=weight
=normalwash
=angular displacement about Y axis
=angular displacement about Z axis
=dihedral angle
=control surface deflection angle
=structural flexibility coefficient
.1, =coordinates relativeto c. g.
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=initial twist

=angular velocity about X axis
=trim parameter

=body element singularity strength
=angular velocity vector

E® > D Ny

Subscripts
A = antisymmetric
a =aerodynamic (force)
c = concentrated (force)
c.g. =center of gravity
D =displacement grid
F =force grid
=inertial (force)
K =number of control surfaces

el

Presented as Paper 74-106 at the AIAA 12th Aerospace Sciences
Meeting, Washington, D. C., January 30-February 1, 1974; submitted
February 11, 1974; revision received February 26, 1975.

Index categories: Aircraft Aerodynamics (including Component
Aerodynamics); Aircraft Structural Design (including loads).

*Principal Engineer, Structural Mechanics Section. Member AIAA.

1Senior Engineer Scientist, Structural Mechanics Section.

i,j,k  =indexes
(0] =initial value
ref. =reference
S =symmetric
X,y,Z =coordinate directions
rcf =number of concentrated forces
Superscripts
T =matrix transpose
-1 =matrix inversion

Introduction

E use of large-order matrix solutions for the
analysis of complex structures has created a need for a
complementary approach to the external loads problem.
Finite element structural analysis techniques demand that the
external loads be distributed over the structure at discrete
points. Therefore, shear, moment, and torque distributions
along a pseudoelastic axis are no longer sufficient to define
the external load distributions required by the stress analysis.
A general finite element approach to the problem of the deter-
mination of aeroelastic loads on a flexible vehicle flying in a
state of quasi-static equilibrium is presented here. Structural
and aerodynamic influence coefficients obtained from finite
element idealizations of the aircraft are utilized as a basis for
the method.

The technique is primarily an extension of the method first
suggested by Hedman'! and later generalized by Rodden 2. It
is naturally similar to such large-scale analysis capabilities as
the Boeing-NASA FLEXTAB System® and the works of
Roskam* and Kemp, 3 which are primarily concerned with the
determination of the stability characteristics of elastic air-
planes. This work extends the efforts of the aforementioned
authors by including the effects of drag and certain nonlinear
parameters and detailing a solution for nonplanar geometries.

The aerodynamic technique used is the Doublet-Lattice
Method (DLM) and Method of Images. This lifting surface
theory, suggested by Hedman and expanded by Giesing,
Kalman,and Rodden® as an approach to various steady and
unsteady aerodynamic problems, provides a very powerful
tool for determination of aerodynamic influence coefficients
(AIC). James” remarks on the accuracy of this method. Stahl
et al.® suggested the use of second-order airfoil chordwise
chambering as an approximation to the chordwise flexure
mode of a high aspect ratio swept wing. A surface spline
technique has been used to generalize this concept to n'" order
cambering both chordwise and spanwise. This method was
suggested by Harder and Desmarais® and provides a single-
step interpolation matrix which relates the aerodynamic and
structural idealizations.
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The method accounts for certain nonlinearities by an
iteration of the classical closed-form linear static aeroelastic
solution. Using this approach the effects of drag and inertial
coupling may be included within the aeroelastic trim solution.
The equations are cast in symmetric and antisymmetric form
and three selected trim scalars are determined for each case.
Unsymmetric conditions are obtained by linear combinations
of symmetric and antisymmetric conditions. The trim scalars
to be solved for are determined by the user.

General Concepts and Definitions

The following derivation is for flight vehicles with
geometric symmetry. A Cartesian coordinate system attached
to the vehicle with Y =0 on the plane of symmetry is used as
shown in Fig. 1. Because of symmetry, only half the airplane
is analyzed.

Matrices of influence coefficients for elastic structural
deflections, aerodynamic forces, inertial forces, and applied
forces are used to solve for the external loads, elastic deflec-
tions, and trim parameters. The AIC’s and SIC’s (structural
influence coefficients) may be determined theoretically or em-
pirically. Inertial force influence coefficients are readily
calculated from mass distribution data and applied force in-
fluence coefficients are defined by the engineer.

Aerodynamic and structural finite element idealizations of
aircraft are required to determine theoretical influence coef-
ficients for the aeroelastic analysis.. Aerodynamically, the
vehicle is idealized as a combination of lifting bodies and
lifting surfaces. Forces normal and lateral to the body axis are
developed by lifting bodies, and forces normal to the surface
are developed by lifting surfaces. Structurally, the vehicle is
idealized as bars and panels, as in the force or displacement
methods of structural analysis. Three orthogonal load (or
deflection) vectors must be defined at a number of joints suf-
ficient to predict the elastic behavior of the aircraft. For
lifting surface structure, the vectors are assumed to be normal
and tangen to the local surface reference plane and, for lift-
ing body structure, the vectors are assumed to be in the X,Y,
and Z coordinate directions.

These two idealizations lead to two separate and in-
dependent finite element grid systems. The force point grid
consists of the points at which aerodynamic forces are
calculated plus any additional points required to define the
application of concentrated forces (thrust, landing gear loads,
etc.) or concentrated weights. The displacement grid consists
of the points at which elastic deflections used in the
aeroelastic analysis are determined plus the concentrated for-
ce and weight points. The displacement grid is related to the
force grid by a surface spline transformation matrix

Aerodynamic Influence Coefficients

The aerodynamic influence coefficients relate rigid body
modes and elastic deflection modes to lift forces in the Y and
Z directions on lifting bodies and to lift forces normal to
lifting surfaces. These coefficients are determined by sub-
dividing the lifting surfaces and bodies into a finite number of
aerodynamic elements. One or more flow singularities are ap-
plied on each element in order to create a flowfield with
prescribed normal velocity (normalwash) at selected control
points. The normalwashes must create a flow tangent to the
surface at the control points. If the number of control points
equals the number of flow singularities, the system of
equations relating singularity strengths to normalwashes is
determinate and the strengths giving specified normalwashes
may be calculated. Lift forces are then calculated from the
singularity strengths.

To discuss the calculation of the AIC matrices, it is
necessary to refer to a specific aerodynamic theory. The
doublet-lattice method and the method of images developed
by Giesing, Kalman, and Rodden® will be used here. This
theory is for subsonic unsteady aerodynamics, but only the
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Fig.1 Coordinate system.
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Fig. 2 Horseshoe vortex system.

steady-flow portion will be outlined here. Since the doublet-
lattice method is well documented!-$8 emphasis here will be
placed on determining the boundary conditions peculiar to
quasi-static aeroelastic analysis.

In the doublet-lattice and image method, the airplane is
idealized as a combination of lifting surfaces and lifting
bodies. Lifting surfaces are divided into trapezoidal elements
(boxes) arranged in strips parallel to the freestream so that
surface edges, fold lines, and hinge lines lie on box bound-
aries. For steady flow a horsehoe vortex is placed on each box
such that the bound vortex coincides with the quarter-chord
line of the box (Fig. 2). The surface boundary condition is a
prescribed normalwash (wash in Z’ direction divided by the
freestream velocity) at the control point of each box. The box
control point is centered spanwise on the three-quarter-chord
line of the box.

Lifting bodies are idealized as cylinders with elliptic cross
sections. The axis of an idealized body is parallel to the X-
axis. The idealized body is divided into chordwise segments;
two such divisions are made: one for slender body elements
and one for interference elements. The boundary condition
for lifting bodies is specified normalized upwash and
sidewash at the midpoint of the longitudinal axis for each
element.

Slender body theory based on axial singularities is used to
simulate the effect of isolated bodies. For circular cross sec-
tions the axial singularity is simply a line doublet on the
element axis. Since sidewash as well as upwash are to be
satisfied, there are two axial singularities used on each slender
body element. The singularity strengths for a slender body
element p,, and p,, are functions of the local cross section
and local sidewash or upwash.

To divert the flow around a body that is in the presence of a
lifting surface, an image of each horseshoe vortex on the sur-
face that is within the longitudinal range of the body is
generated within the body. The cross section of the body is
constant for the image system. The image horseshoe vortex
has the same strength as the corresponding surface vortex.
For bodies with elliptic cross sections, the image is developed
in the same manner by using the circle determined- by the
radius and center of curvature of the point on the body sur-
face nearest the surface vortex system. Images not in the same
quadrant as the corresponding surface vortices are neglected.

The image system is the primary means for adjusting the
flowfield around bodies in the presence of lifting surfaces.
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However, due to three-dimensional effects, i.e., the trailers do
not extend from infinity to infinity and the bound vortices are
not canceled by their images, etc., it is not completely ef-
fective in doing this and a residual flow must be added. The
residual flow is generated by the same type of axial
singularities as used for slender body theory. Each body is
divided into interference elements analogous to slender body
elements except that the elements have the cross section used
for the image system. The normalwashes due to lifting surface
vortices and their images are then calculated at various
meridian angles.

The basic aerodynamic equation relating singularity
strengths to total normalwash is

Py
AC =[Dr] ~H{w} ¢y

p

He

Where Dp=downwash influence coefficient matrix and
w=normalwash boundary condition. The lift forces are
determined from the known singularity strengths by in-
tegrating the body pressure field and multiplying the surface
elements by their respective areas

Hy

{FAL} =q[BFS] AC, 2)

23
where [BFS] =body pressure field integration matrix.

Now the lift at the force points may be determined from the
normalwashes at the control points by substituting Eq. (I) in
Eq. (2) (half the total lift force is calculated at points on the
plane of symmetry). Of course, if the pressure distributions
on the vehicle are not desired, the lift forces may be obtained
directly from the singularity strengths.

{FAL}=q[BFS][D]"{w} 3

The aerodynamic solution may include the effect of images
for symmetry or antisymmetry about the plane of symmetry
and/or the ground plane.

The lift forces due to rigid body modes, {FRALS} and
{FRALA}, and the corresponding AIC matrices, [FALUS]
and [FALUA], may now be calculated by obtaining the nor-
malwashes for these modes (the final S or A in matrix names
indicates symmetry or antisymmetry, respectively). There are
three types of rigid body modes: initial configuration, rigid
body motion, and control surface deflection.

The initial configuration mode is the initial or built-in twist
and camber of the lifting surfaces and bodies. Since this
analysis is restricted to aircraft with geometric symmetry, the
normalwash for the initial configuration mode {wos} is
necessarily symmetric. The normalwash for the rigid body
motion mode is equal to the component of the control point
velocity normal to the surface (or body) divided by the
freestream velocity,

wgp, =Vi*n/ Vg
The velocity of the it control point is
Vi =Vc.g' +wXPl

where vectors w and P, are defined in Fig. 3 and Eq. (20).

The control surface deflection modes are obtained by
specifying the normalwash ‘on the control surface elements.
Control surface deflections are defined as positive when the
angle of attack on the control surface is increased. The down-
wash at any control point on the j™ control surface due to the
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Fig.3 Position vectors.

angular deflection §; is V, tan §;. Since the normalwash is
defined positive in the Z’ direction, the normalwash at any
point on the control surface is

w=-V, tan §;/V, =-9;

using small angle theory.
The nondimensional angular velocity parameters are

P=0b/2V,, G=0C 1, /2V 4, T=6b/2V

The symmetric and antisymmetric normalwashes due to rigid
body modes are )

{wks} = {wm} +{wm} +{wﬁs} = [WUNITS] {KULS] {YA_S} (4a)

{WRA} = {WRBA} + {Ws A} = [WUNITA] (KULA) {m} (4b)

where

ol°i Mz"i 0 0

[WUNITS] = Aey,Oi AM%‘ —cosy; | = CM2AC {X, cos v} | [wess)
—eYOI vMyoi ~1's - Cmic {x}
e i il ’
. 2f= . 2§z <

[WUNITA] = | —siny; ——b{Xi sin 7i} _E{Zi siny; +Y; cos 7i} [WCSA]

o
o
|
oo
——
el
(g

(X;, Y;, Z,) are the coordinates of the i™ control point relative
to the aerodynamic reference point (X e¢ , Y rers Zie)-

The jt column of [WCSS] or [WCSA] has — I’s in the rows
corresponding the elements on the j™ symmetric and an-
tisymmetric control surface. All other elements equal zero.

1yo0]0:0
S R S O Y
[KULS] = ol 1 1alce
BN

a= (2/Cmac) (Xref - Xc.g.) c= (Z/b) (Yref - Yc.g.)

d= (Z/b) (Xref—XC-g~)

and the aecrodynamic trim parameters are

e= (2/b) (Zref - ZC»E-)

{—)Tas }: [107 o, q; p’ 681 3 vy BSKS]T

| Rag F=18,1,8, 84,5 05 8a 17
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Now the symmetric and antisymmetric lift forces due to
rigid body modes can be obtained by substituting Eq. (4) in
Eq. 3)

{FRALS} = q [BFSS] [DTS)~! [WUNITS] {KULS]{A_AS} (52)

{FRALA} = q [BFSA] [DTA]"! [WUNITA] [KULA]{K;A'} (5b)

Therefore, the AIC matrices for rigid body modes are

[FALUS] = [BFSS] [DTS]~! [WUNITS] (68.)

[FALUA} = [BFSA] [DTA]~' {WUNITA] (6b)

The [BFS] and [DT] matrices vary with Mach number due to
the Prandtl-Glauert transformation.

The lift forces due to elastic deflection modes, { FELAS}
and {FELAA}, and the corresponding AIC matrices [AICS]
and [AICA], are analogously calculated by determining the
normalwashes for the elastic modes. The slope at each control
point m; =(dz’/dx); for any elastic mode { Ah} is calculated
by the surface spine matrix [WSS]

{m;t=[WSS]{Ah} M

From Egs. (3) and (7), the lift forces due to elastic deflec-
tions are

| FELAS} =q [BFSS] [DTS] [WSS]{ahg}  (8a)

|FELAA} =q [BFSA] [DTA]" [WSS]{Ah,}  (8b)
Therefore the AIC matrices for elastic deflections are

[ATCS] = [BFSS] [DTS] ! [WSS] (%a)

[AICA] = [BFSA] [DTA]"' [WSS] (9b)

The surface spline matrix [WSS] is a function of geometry
only. Therefore, for a given idealization and a specified
ground effect, [AICS] and [AICA] vary only with Mach num-
ber.

Structural Influence Coefficients

The SIC matrix required in this analysis relates the forces at
the force points to the elastic deflections at the displacement
points. This matrix is obtained from the matrix of SIC’s (also
commonly called ‘‘flexibility influence coefficients’’) for
forces and displacements on the structural grid, [A], by
utilizing the surface spline transformation matrix.

In general, [A] will include some influence coefficients not
required for the aeroelastic analysis. Also, the sort may not be
that required by the AIC’s or the spline transformation
matrix. Deflections lateral to lifting bodies and normal to
lifting surfaces and lifting bodies due to forces in the local
coordinate directions at each displacement point are extracted
from [A] by

[AR]=[CDELTA]T [A] {CFSBRT] ‘ 10

where [CDELTA] is a deflection extractor and [CFSORT] is a
force extractor.

Matrix [AR] is related to forces on the force point grid by a
surface spline transformation matrix. This transformation
matrix relates the displacements at the displacement points,
{hp}, to the displacements at the force points, { h},by

{hit=1Z){hp} an

where the primes denote that the displacements are normal to
the local surface.
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The forces at the displacement points {fj,} that are
statically equivalent to the forces at the force points, {f;},
may be determined by using Eq. (11) and the fact that the
work done by each set of forces must be equal.

tint=1Z1" {fet (12)

The elastic deflections lateral to lifting bodies and normal
to lifting surfaces and lifting bodies at the displacement points
are

{Aaht=[AR|{fL} =[AR] [Z]T {f¢} =[SICI{fE} (13)

Therefore, in terms of the symmetric and antisymmetric SIC
matrices on the structural grid, [Ag] and [A 4], respectively,
the SIC matrices required for the aeroelastic analysis are

[SICS] =[CDELTA]T [Aq] [CFSORT] [Z]T (14a)

[SICA] =[CDELTA]T [A,] [CFSORT] [Z]T  (14b)

Surface Spline

The Harder? spline is based on symmetrically loaded plates
and relates the displacements on the displacement grid to ap-
plied loads by

{hpt=IKDI{C} 15)

The elements of [KD] are functions of the coordinates of
the displacement points. A similar matrix, [KF], that is a fun-
ction of force grid and displacement grid coordinates relates
deflections on the force grid to loads on the displacement grid
by

{hit=[KF]{C}=[KF] [KD]" {hp} (16)

Similarly, slopes at the aero control points are calculated by
{m}=[DKFDX] [KD]-}{h{} amn

where
[DKFDX] = (3/3x) [KF]

and [—KF—] is analogous to [KF] except that control points are
used in lieuof aero force points.

Since an airplane is made up of various lifting surfaces
and bodies, it is necessary to separate the force and
displacement points into groups such that each group lies in a
region that may be approximated by a surface spline. Any
such region is called a *‘superpanel”’. Summing the effects of
the nsp superpanels -and the nonlifting points, the surface
spline matrix [Z] is

nsp
[Z} =[ZCF] + E (IRZ]; [KF]; [KD];! [CZ];)  (18)
j=1
where [ZCF]=matrix extracting deflections at nonlifiing
displacement points and [RZ] and [CZ] are extractor
matrices. Similarly, the differential surface spline matrix
[WSS] s

2
[WSS]= Y, (IRDHIy [WR] [CDHIy)
K=1

nsp

[WR] = E (IRZ]; [DKFDX]; [KD];! [CZ];)  (19)

j=1

and [RDH],, [RDH],, [CDH],, and [CDH], are row and
column extractors.
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Inertial and Applied Force Influence Coefficients

The inertial force at a point is defined as the negative of the
product of the mass acting at that point and the acceleration
of the point. The applied force at a point refers here to a con-
centrated external load applied to the vehicle such as thrust or
a landing gear load. The magnitudes of the applied forces are
trim parameters and, as such, may be specified or solved for
in each loading condition. The influence coefficients for iner-
tial and applied forces are derived using the rigid .body
geometry. That is, changes in the position of the points of ap-
plication or directions of these forces due to elastic deflections
are ignored.

In order to calculate the acceleration of the i point, the
following vectors are defined (Fig. 3)

Feg= Xc.g. i+ Yc.g.j + Zc.g.k =
position vector of c.g.

;= Xli + Ylj + Zlk =
position vector of i™h force point

w=—¢i+aj+Lk=
airplane angular velocity about c.g.

dew/dt= — i+ &j+ fk =
airplane angular acceleration about c.g.

ac'g' = 2}"c.g.l +a Yc.g.“ +.azc.g.k =
translational acceleration of c.g.

The position vector of the i force point relative to the c.g. is
Pi=ri—r, =&i+nj+ ik (20)
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and {\} is the column matrix of inertial trim parameters
given across the top of [KIS] and [KIA].

By adding a set of concentrated applied forces to the
preceding equations, the final inertial and applied force
equations become

{fcs}+{fls} = (FCILS) {%} oA ) = {W]{%} (22)

where

(FCILS] = M[{fps}

(FCILA] = M[{fpa} - —;-HWSJ [KIA] +rwAJ [KIS]] [KV]]

and {\,} and {N,} are applied force trim parameters.
Matrices {f,} and {f,} are catchall force arrays for in-
cluding any special loads such as external stores.The jt
column of [FCLAMS] or [FCLLAMA] contains the X, Y, and
Z force components for unit st orP A respectively.

_[_; [w] sy +Tw, | [KIA]] u(v1]

[FCLAMS]

[FCLAMA]

Trim Solution

For a given set of trim parameters, {\g} and { A, }, there
are two aeroelastic matrix equations: one relates the elastic
deflections to the net forces; the other relates the net forces to
the elastic deflections. Aerodynamic drag forces and the
squares and cross products of angular velocities are nonlinear
and are calculated by an iterative solution of the equilibrium
equations

A aa
. he i point i o
The total acceleration of the i'" point is (hg) = e _ [1-0,a,q,p,5sl,---,551<5,1-0,Pslv---’Psrcfss
a;=a., +0X(wXP;)+do/dtxP;
Now, by substituting the nondimensional angular velocity M . 1B 52 G2 72 vg —“WT
. . . N I“,pq,qr, pr
parameters and introducting the airplane load factors, the Ny N, @,Ny,6,6,5%,0%1%,pq, ar, P 4
symmetric and antisymmetric inertia forces are :
Aas
{fls} - ,l[FNSJ KIS +rwAJ [KIA]][KV]{)\I} :
: ot =1 A b= [B,f,p,ém,...,BAKA,I.O,PAI,...,PAmfA,
a2
f,.0 = ——|[Wg| [KIAL + W"Jl [KIS]| [KVIqN o [P —
{m} g[ f N N,,N,,&N,,é,8,p2,4%,F,pa, ar,pr T
where
[~ _‘ The local d ic lift f h f the lift f
. = Wei : ¢ local aecrodynamic lift forces are the sum o e lift torces
- AW |and[ W, | = Weight Mat . . .
vl Vz\l r SJ " r “J e e due to rigid body modes and elastic deflections.
L -
Ny ™, (o) (Ny) ) (%) I @ @ ool @ @ TZ
, ‘ 4 | )l -4f ey -4 ]
g {l $ {z1 - ch; chils} C,chlxl xc% b—lx‘ Lg} bcmacls =z z, zcg’
nf
[K1s] = =3 {‘; b—§ {Yl}
2nf
3 : Y| Y g () |l )
g%ls’ XX, Yo ile —zi-zcg$ aczi»zcg’ -b—c:i 1 = X, Xcg’
3nf e -
o) ,) (a) ) ) G %) @ ) 0 @ o,
- N
i =t
bcmac
nf
g1, Z.-7 I X.-X e 1 4-Y—CE—l' -4 {x-xg} 4 1z } (V2]
{K1A] = s i cg] i g 2z s b2 s se, | i e be__| i “cgf
2nf
i } s | }
lY) meaClY]
3nf Lo —
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{fag b =QqIFALUS] [KULS}{ A} +q[AICS|{ Ah, } (23a)

{faLA} =q[FALUA] [KULA]{ o} +qlAICA]{Ah,} = (23b)
The full aerodynamic force array in the body coordinate
system may now be written as the sum of the transformed

local aerodynamic lift forces and the iteratively determined
drag forces.

g t= [RLF]T{ farg b+ [RX]T {faxs} (24a)

{fay b=[RLFIT{fy, b+ [RX]" {fux, | (24b)

where [RLF]=[RL] [TFF], [RL]=local lift force extractor,
[TFF] =local lift force rotation matrix, and [RX] = drag force
row extractor. The net forces are the sum of the aerodynamic,
applied, and inertial forces

{fs}:{fas++{fcs}+{fls+

{fab={fa, b H{fc b+{f,t

The elastic deflections are determined from the net forces by

(252)

(25b)

{ Ahg } =[SICS] [TFF]{fs}, {Ah,}=[SICA][TFF}{f,}(26)

Substituting Egs. (22-24) into Eq. (25):

{fs} = [q [RLF]T [FALUS] [KULS] + [FCILS]]{)\S}+ q [RLF]T [AICS]{AhS}

+ RXI i | (272)

{} - [q (RLFIT [FALUA] (KULA] + [FCILAI]{RA}

+q [RLF]T [AICA] {AhA} + [RX]T{faXA} (27b)

Equations (26) and (27) are the basic static aeroelastic
equations. Substituting Eq. (27) into Eq. (26) determines the
clastic deflections in terms of known quantities

} Ahg}=[Gs]" [SICS] [TFF]{fy } (28a)

{Ahst=[GAl" [SICA] [TFF]{fx, } (28b)
where
[Gs]=PI4 —q[SICS] [RL]T [AICS]
[Gal=DIJ —q[SICA][RL]T [AICA]
and {fg },{fr, | are therigid solution net forces
{fRS} = [q [RLF]T [FALUS] [KULS) + [FCILS]]{)\S}+ [RX]T{anS} (292)
{fRA} = [q [RLFIT [FALUA] [KULA] + [FCILA]]{)\A} + [RX]T {faxA} (29b)

The dynamic pressure at which divergence occurs is readily
obtained from Eqgs. (28). Since the symmetric elastic deflec-
tions become infinite if |G| =0, the eigenvalues of

[Dg] ={SICS] [RL]T [AICS]

are the reciprocals of the dynamic pressures at which
divergence occurs for a symmetric loading. Hence, divergence
occurs at the dynamic pressure equal to the reciprocal of the
largest positive real eigenvalue of [Dg]. An analogous
argument holds for antisymmetric loadings. The associated
eigenvectors provide a description of the mode of divergence.
Since the lift forces are required in order to calculate the
drag forces, it is necessary to determine the aerodynamic lift
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forces explicitly
= T
{faLs} [[FRLS] + [FELS]]{)\S}+ [AGINVS] [SICS] [RX] {faxs} (30a)

{f } = [[FRLA] + [FELA]]{)\A}+ [AGINVA] [SICA] [RX]T {faXA} (30b)

aLA
where
[FELS] = [AGINVS] [[SICS] [RL]T (FRLS} + [SICS] [TFF] [FCILS]]
[FELA] = [AGINVA][[SICA] [RL]T [FRLA] + [SICA] [TFF] [FCILA]]
[FRLS] = q [FALUS] [KULS]
[FRLA] = q [FALUA] [KULA]

[AGINVS] = q[AICS] {GS]~!

[AGINVA] = q [AICA] [GAT-!

The symmetric and antisymmetric equilibrium conditions
may now be introduced.

Ef, Lf,
[CSTI™{fs}={ If, [=0;[CATI™{fs}t=4 EM, [=0 (31)
IM, M,
Therefore
[QLSI{ Ast+ [QAXST]T{f xst =0 (32a)
[QLAT{ My} + [QAXAT]T {£,5, } =0 (32b)
where
|QLS] = {RLFCSTIT ([FRLS] + [FELS]) +[CSTIT [FCILS]
{QLA} = [RLFCAT]" ([FRLA) + [FELA]) + [CAT]T [FCILA]
[RLECST] = [RLF] [CST]
{RLFCAT] = [RLF} [CAT]
{QAXST]T = [RLFCST]T [AGINVS](SICS] [RX]T + [CSTIT [RX}T

[QAXAT]T = [RLFCAT]T [AGINVA] [SICA] [RXIT + [CATIT [RX)T

Three unknowns in {Ag} and three unknowns in { A, } are
determined by the trim equations. The symmetric and an-
tisymmetric unknown trim parameters are denoted by { Mg
and {Axa }. The columns of [QLS] and [QLA] that are coef-
ficients of { Axs } and { Ax4 } are extracted by matrices [CLXS]
and [CLXA], respectively. The nonlinear angular velocity
parameters are treated as known quantities in Eq. (32). The
coefficients of the known trim parameters are extracted from
[QLS] and [QLA] by [CLS] and [CLA], respectively. Hence,
[{CLS] and [CLA] are partial identity matrices having unity on
their diagonals except for the columns corresponding to the
unknown parameters

The equilibrium Eqs. (32) for the unknown trim parameters
are solved

{?\XS} = ’[QLS] [CLXS]]*‘ g[QLS] [CLS]{)\S}+ [QAXST]T {f‘dxs}i
{)\XA} = [[QLA] [CLXA]I*‘ 3[QLA} [CLA]{)\A} + [QAXAT]T {f"‘»\}s

The inverse of [(QLS) (CLXS)]} or [(QLA) (CLXA)] exists if
the trim parameters selected as unknowns are capable of
balancing the vehicle in the symmetric or antisymmetric
degrees of freedom, respectively.

To solve for the unknown trim parameters, it is necessary to
determine {f,x.} , {f.x,}!. and the unknown nonlinear
angular velocities (if any)Aby iteration. Since both rigid and
elastic solutions are often required, and since the rigid
solution requires much less computation than the elastic
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solution, two separate iterations may be performed. First, the
rigid solution may be obtained, then the rigid solution trim
parameters and drag forces can be used as initial values for
elastic iteration.

The symmetrical and antisymmetrical aeroelastic trimmed
force distributions are now determinable by using Eqs. (27-
29). Unsymmetrical loadings may be developed by linear
superposition of the symmetric and antisymmetric parts.

Calculated Results

The calculated results presented herein were obtained using
the IBM 370/195 computer and the Douglas Aircraft Co.
““Matrix Aeroelastic Loads System” (MALS)!? The objective
here is to show the effect of several recent state-of-the-art ad-
vances on the trimmed aeroelastic loads solution of two com-
mon aircraft configurations.

The two selected configurations are the Doublas DC-10-30
and AST Model 3230-2.2-5 airplanes. The DC-10-30 is
representative of the wide-body commercial subsonic trans-
ports which are in use by the airlines today. The AST Model
3230-2.2-5 is a general representation of a possible future
supersonic commercial transport. Figures 4 and 5 show the
finite element aerodynamic and structural idealizations for
these configurations. The DC-10-30’s 278 aerodynamic
degrees of freedom are typical of a production-type loads
analysis and the 145 aerodynamic degrees of freedom used on
the AST are indicative of a more preliminary investigation.

The method divides the aeroelastic trim solution into linear
and nonlinear parts. The nonlinear trim parameters arise
from the consideration of aerodynamic drag, and the squares
and cross products of the angular velocities. These nonlinear
terms are determined by successive iterations of the classical
closed-form aeroelastic solution. In all cases investigated to
date, this approach has assured a rapid closure of the iterative
solution. Table 1 indicates the closure of unknown trim
parameters on the DC-10-30 for a 2.5-g maneuver and a high
cruise dynamic pressure.

AERODYNAMIC
69POINTS

“~.._207DEGREES OF FREEDOM

STRUCTURAL
Fig.4 DC-10 finite element idealizations.

SN
133 POINTS REER

145 DEGREES OF FREEDOM

. TYPICAL AST MODEL (-5, AUGUST 1973)
N 993 BARS

A 550 PANELS

) 2536 STRESSES

STRUCTURAL

Fig.5 AST finite element idealization.

J. AIRCRAFT

Table 1 Closure of iterative solution - Model DC-10-30*

TRIM RIGID ITERATION ELASTIC ITERATION
PARAMETER 1 2 3 4 1 2 3 4
« {RAD) 0.03799 | 0.03812 | 0.03812 | 003812 | 0.05364 | 0.05361 | 0.05360 | 0.05360
&, (RAD) | —0.00381 | —0.00428 | —0.00429 | —0.00429 | —0.01438 | —0.01420 | —0.01419 | —0.01419
N, 0.04926 0.07356 0.07321 0.07320 0.07320 0.04537 0.04551 0.04551

M = 06,9 = 3707 psizn, = 25 GW - 335,000 Ib

The use of finite element surface aerodynamic theory
allows the inclusion of chordwise cambering in the aeroelastic
solution. To accomplish this, it is necessary to find a tran-
sformation function [Z] which relates the displacements of the
points on the structural grid to the displacements of the points
on the aerodynamic grid [see Eq. (11)]. Double interpolations,
parabolic series, and polynomial equations are some of the
functions which have been proposed. The cumbersome
bookkeeping, the ill-behavior, and the analytical restrictions
of this group of functions make them difficult to handle. In-
deed, many times the aeroelastician has simply forced his
structural idealization to coincide with his aerodynamic
idealization, thus avoiding the problem altogether. Of course,
his structural idealization may have left a lot to be desired, but
this sometimes seemed preferable to the interpolation
problem.

Harder?® proposed a surface spline function based on sym-
metrically loaded plates as a solution to this dilemma. The
surface spline is extremely well behaved, easily cast in matrix
form, and is analytical, thus allowing differentiation to ob-
tain aerodynamic normalwash boundary conditions. SIC’s
and AIC’s in rectangular matrix form, Eqs. (9) and (14), are
simply determined by using the surface spline function. Once
these rectangular influence coefficient matrices have been ob-
tained, the classical closed-form static aeroelastic solution,
Eq. (28), may be generated from independent aerodynamic
and structural grid systems. An additional advantage derived
from this approach is a reduction in the order of the
aeroelastic inverse [G]! required by Eq. (28) since the number
of structural points necessary to define the vehicle distortion
is normally less than the number of finite aerodynamic
elements.

The effects of aeroelastic cambering of streamwise sections
on low aspect ratio wings are generally known. However,
chordwise cambering is generally neglected in aeroelastic
calculations on high aspect ratio wings, but its existence can
readily be shown. A panel is assumed to be oriented in the
swept elastic axis coordinate system (£,7), as in Fig. 6.

Assume the panel is rigid in the £ direction. Then the deflec-
tions are a function of 5 only. If a parabolic elastic axis
deflection is assumed,

h=hg +an+by?
where hy, a, b are constants, and

np=ycos Axsin A

the streamwise slope of the panel, may now by calculated by
differentiation.

dh/9x = (dh/dxn) (34/9x) =
asin A+2bysin A cos A+2b x sin?A

Therefore, the chordwise cainbering on a high aspect wing is a
function of the elastic axis sweep angle and the wing bending
deflection

The influence of this chordwise flexibility on high aspect
ratio swept wings is to further reduce the outboard wing span
loading over that of a rigid chordwise (Aw.) acroelastic
solution (Fig. 7). The DC-10-30 showed a change in wing span
loading of up to 4% for typical design conditions when chord-
wise flexibility was considered (Figs. 8-10). Figure 9 indicates
that, for a constant aerodynamic configuration, i.e., no
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Fig. 7 Change in DC-10 wing span loadmg due to chordwise
aeroelastic cambering.

1y = MODEL DC-10-30
= ny=25¢ , M=064 CONST
o N GW. =565000 LB
‘§ 8sPOILER™ 0% OFLAP = 0°
S \
9 N
. 09 % = i
LELASTIC | DN e
GiriGID  og ~ q=15LB/SQ IN.
- —RIGID CHORDWISE N
——~—ELASTIC CHORDWISE N
07+ | | S
q=4147 )
I . 1B/SQ IN. R
06 ‘ . L

L L s . L
01 02 03 04 05 06 07 08 09 10
SPAN FRACTION — 2y/b

Fig.8 DC-10 elastic to rigid span loading ratio.

1.04

MODEL DC-10-30 ! i ’
ny = 2.5¢ SPAN FRACTION
GW.= 56500018 | /J/A(Zy/b)

103 M = 0.64 CONST 0872

ELASTIC SPAN LOADING RATIO 1 gp

(RIGID CHORD/ELASTIC CHORD) / / 0751
101 // 00615
’ — 00513
o] |
10 . . .
10 20 30 50

DYNAMIC PRESSURE — q (LB/SQ N}

Fig. 9 DC-10 rigid chordwise to elastic chordwise span loading ratio
Vs q.

change in control surface deflection, a near linear relationship
exists between dynamic pressure and rigid chordwise to elastic
chordwise span loading ratio at a given wing station.

The variation of this rigid chordwise to elastic chorwise
span loading ratio with extreme changes in chordwise
aerodynamic loading is shown in Fig. 10. It is obvious that, in
addition to the previously suggested wing bending deflection

1.04 T T ~
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GW. = 5‘65000 LB\ /m‘\‘
1.03 — I /
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0 02 04 06 08 10
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Fig. 10 DC-10 rigid chordwise to elastic chordwnse span loading
ratio vs span.
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Fig. 11 DC-10 trim tail load vs g.
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Fig.12 DC-10 Trim Angle of Attack vs g.

and sweep angle parameters, wing torsion also has a con-
siderable effect on the DC-10-30 chordwise flexibility ratio.
For example, a ratio distribution similar to a high-speed,
clean wing condition may be achieved at a low speed by
deflecting the flaps. The change due to elastic chordwise cam-
bering in the DC-10-30 trim tail load and angle of attack is
shown in Figs. 11 and 12.
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Conclusions

Increased structural and aerodynamic design synthesis and
optimization now demand a refinement of static aeroelastic
techniques. The method presented in this paper is one example
of the new techniques!l-12 required to meet these design
challenges.

Second-order effects, which were previously considered
negligible, must now be included in the analysis. Chordwise
aeroelastic cambering, aerodynamic interference of surfaces
and bodies, and inertially coupled forces are some of the
second-order effects which are handled by the present
method.

Aerodynamic drag must be included in the equilibrium
equations if an accurate trim solution is to be obtained. Since
the calculation of the drag distribution requires the predeter-
mination of the lift distribution, the classical closed-form
aeroelastic solution is not directly applicable. If the entire
static problem were to be approached from an iterative
solution, a large number of cycles might be required for
closure. Indeed, if divergence were present, an iterative
closure would be impossible. Therefore, a combination linear
and iterative solution was developed

The lifting problem is considered to be linear and a direct
solution is formulated. Component divergence is easily
predictable using this approach and the linear solutions are
used as initial parameters for the nonlinear iteration. This
technique ensures the rapid closure of the iterative series.

The matrix influence coefficient technique provides the ad-
ditional advantage that the approach is unchanged for the
purposes of preliminary design, design, or substantiation
analyses. Only the complexity of the required aerodynamic
and structural influence coefficients is varied.

J.AIRCRAFT
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